Abstract. By using variational method and under generic conditions we show that Arnold diffusion exists in a priori unstable and time-periodic Hamiltonian systems with multiple degrees of freedom.
1, Introduction
In this paper we consider a priori unstable and time-periodic Hamiltonian systems with arbitrary n + 1 degrees of freedom. The Hamiltonian has the form H (u, v, t) = h 1 (p) + h 2 (x, y) + P (u, v, t) ( 1.1) where u = (q, x), v = (p, y), (p, q) ∈ R × T, (x, y) ∈ T n × R n , P is a time-1-periodic small perturbation. H ∈ C r (r ≥ 3) is assumed to satisfy the following hypothesis:
H1, h 1 + h 2 is a convex function in v, i.e., Hessian matrix ∂ 2 vv (h 1 + h 2 ) is positive definite. It is finite everywhere and has superlinear growth in v, i.e., (h 1 + h 2 )/ v → ∞ as v → ∞.
H2, it is a priori unstable in the sense that the Hamiltonian flow Φ t h 2 determined by h 2 has a non-degenerate hyperbolic fixed point (x, y) = (0, 0), the function h 2 (x, 0) : T n → R attains its strict maximum at x = 0 mod 2π. We set h 2 (0, 0) = 0.
Here, we do not assume the condition that the hyperbolic fixed point (x, y) = (0, 0) is connected to itself by its stable manifold and unstable manifold, i.e., W s (0, 0) ≡ W u (0, 0) . Such condition appears not natural when n > 1.
Let B ,K denote a ball in the function space C r ({(u, v, t) 
, centered at the origin with radius of . Now we can state the our main result of this paper, which is a higher dimensional version of the theorem formulated by Arnold in [Ar1] where it was assumed that n = 1.
In his celebrated paper [Ar1] , Arnold constructed an example of nearly integrable Hamiltonian system with two and half degrees of freedom, in which there are some unstable orbits in the sense that the action along these orbits undergoes substantial variation. Such orbits are usually called diffusion orbits. Although this example does not have generic property, Arnold still asked whether there is such a phenomenon for a "typical" small perturbation (cf. [Ar2, Ar3] ).
Variational method has its advantage in the study of Arnold diffusion problem, it needs less geometrical structure information of the system. The pioneer work of Mather in [Ma3, Ma4] provides a variational principle for time-periodically dependent positive definite Lagrangian systems. In our previous paper [CY] , by using the variational method, we have shown that the diffusion orbits exist in generic a priori unstable Hamiltonian systems with two and half degrees of freedom. Mather has announced ( [Ma5] ) that, under so-called cusp residual condition, Arnold diffusion exists in a priori stable systems with two degrees of freedom in time-periodic case, or with three degrees of freedom in autonomous case. Some announcement was also made in [Xi] earlier. Using geometrical method, some demonstration was provided in [DLS] as well as in [Tr] to show that diffusion orbits exist in some types of a priori unstable and time-periodic Hamiltonian systems with two degrees of freedom.
In this paper we still use variational arguments to construct diffusion orbits. In order to use variational method, we put the problem of consideration into Lagrangian formalism. Using Legendre transformation L * : H → L we obtain the Lagrangian L (u,u, t) = max v { v,u − H(u, v, t) }.
(1.2)
Hereu =u (u, v, t) is implicitly determined byu = ∂H ∂v . We denote by L : (u, v, t) → (u,u, t) the coordinate transformation determined by the Hamiltonian H.
Roughly speaking, we construct diffusion orbits by connecting different Mañé sets, along which the Lagrange action attains its local minimum. To construct local connecting orbits between different Mañé sets, we introduce so-called pseudo connecting orbit sets. These sets contain the minimal configurations of some modified Lagrangian which do not necessarily generate orbits determined by the Lagrangian L. Based on the upper semi-continuity of the set functions, from Lagrangian to Mañé set and to pseudo connecting orbit set, and on the understanding of these sets with respect to the configuration manifold and its finite covering, we show that each configuration in the pseudo connecting orbit set generates a real orbit of the Lagrangian L which connects some Mañé set to another Mañé set nearby if this Mañé set has some kind of topological triviality. Such construction does not need the manifold structure of the Mather sets, and is applicable to systems with arbitrary degrees of freedom. Thus, some global connecting orbits can be constructed if some so-called generalized transition chain is established. The definition of such a chain is introduced in this paper, and it does exist in the system we study in this paper.
In the Lagrangian formalism, the Hamiltonian equation (1.1) is equivalent to the To apply the Mather theory on positive definite Lagrangian systems we introduce a modified LagrangianL = L 0 (u)ρ(u) + (1 − ρ(u))L (u,u, t) , in which L 0 (u) is strictly convex inu and has super-linear growth in u ; ρ(u) = 1 when u ≥ 2K, ρ(u) = 0 when u ≤ K. We choose sufficiently large K so that the diffusion orbits we search for remain in the region { u ≤ K}. Clearly, we can choose some ρ(u) so thatL is convex inu also. This system is integrable near infinity, so each solution is defined for all t ∈ R. Therefore we can assume that the Lagrangian L satisfies the conditions suggested by Mather [Ma3] :
Positive definiteness. For each (u, t) ∈ M × T, the Lagrangian function is strictly convex in velocity: the Hessian Luu is positive definite;
Super-linear growth. We suppose that L has fiber-wise super-linear growth: for each (u, t) ∈ M × T, we have L/ u → ∞ as u → ∞.
Completeness. All solutions of the Lagrangian equations are well defined for all t ∈ R.
Let I = [a, b] be a compact interval of time. A curve γ ∈ C 1 (I, M ) is called a c-minimizer or a c-minimal curve if it minimizes the action among all curves ξ ∈ C 1 (I, M ) which satisfy the same boundary conditions:
If J is a non compact interval, the curve γ ∈ C 1 (J, M ) is said a c-minimizer if γ| I is cminimal for any compact interval I ⊂ J. An orbit x(t) of Φ t is called c-minimizing if the curve π • X is c-minimizing, where the operator π is the standard projection from tangent bundle to the underling manifold along the fibers, a point (z, s) ∈ T M × R is c-minimizing if its orbit φ t (z, s) is c-minimizing. We useG L (c) ⊂ T M × R to denote the set of minimal orbits of L − η c (the c-minimal orbits of L). We shall drop the subscript L when it is clear which Lagrangian is under consideration. It is not necessary to assume the periodicity of L in t for the definition ofG. When it is periodic in t,
The definition of action along a C 1 -curve can be extended to the action on a probability measure. Let M be the set of Borel probability measures on T M × T. For each ν ∈ M, the action A c (ν) is defined as the following:
Mather has proved [Ma3] that for each first de Rham cohomology class c there is a probability measure µ which minimizes the actions over M
This µ is invariant to the Euler-Lagrange flow. We useM(c) to denote the support of the measure and call it Mather set. We use −α(c) = A c (µ) to denote the minimum c-action, it defines a function α:
Both functions are convex, finite everywhere and have super-linear growth [Ma3] .
To define Aubry set and Mañé set we let
We use M(c), A(c) , N (c) and G(c) to denote the standard projection ofM(c),
It was showed in [Ma4] that the inverse of the projection is Lipschitz when it is restricted to A(c) and M(c).
In the following we use the symbolÑ s (c) =Ñ (c)| t=s to denote the time section of a Mañé set, and so on. We use Φ t H , Φ H to denote the Hamiltonian flow generated by H and its time-1-map, and φ t L , φ L to denote the Lagrangian flow generated by L and its time-1-map respectively. This paper is organized as follows. In the section 2 we introduce so-called pseudo connecting orbit set and establish the upper semi-continuity of these sets. Such property shall be used to show the existence of local minimal orbits connecting some Mañé set to another Mañé set nearby. In the section 3, we investigate the topological structure of the Mañé sets and the pseudo connecting orbit sets, they correspond to those cohomology classes through which the diffusion orbits shall be constructed. The Mañé set becomes larger if we consider a finite covering of the manifold. In the section 4, by making use of the upper semi-continuity of Mañé sets, the existence of local connecting orbits is established if the Mañé set has some kind of triviality. The section 5 is devoted to the construction of diffusion orbits if there is a so-called generalized transition chain along the corresponding path in the first de-Rham cohomology space. To show the generic condition we establish some Hölder continuity of the barrier functions in the section 6, with which the generic property is proved in the last section.
In this paper, the only assumption on h 2 is the existence of a non-degenerate minimal fixed point with respect to the Lagrangian flow L(Φ t h 2 ). Thus, the main result and the method developed in this paper can be applied to study the diffusion in a priori stable Hamiltonian systems with arbitrary n degrees of freedom. We shall present it in our next paper.
2, Upper semi-continuity
The construction of diffusion orbits depends on the upper semi-continuity of some set functions. 
The proof of this lemma was provided in [Be2, CY] . We can consider t is defined on (T ∨ [0, 1] ∨ T)/ ∼, where ∼ is defined by identifying {0} ∈ [0, 1] with some point on one circle and identifying {1} ∈ [0, 1] with some point on another circle. Let
In the application, the setG(c) seems too big to be used for the construction of connecting orbits in interesting problems. Mañé sets seem to be good candidates. In the time-periodic case, Mañé set can be a proper subset ofG(c),Ñ (c) G (c). It is closely related to the problem whether the Lax-Oleinik semi-group converges or not, some example can be found in [FM] . To establish some connection between two Mañé sets we consider a modified Lagrangian
where η is a closed 1-form on M such that [η] = c, µ is a 1-form depending on t in the way that the restriction of µ on {t ≤ 0} is 0, the restriction on {t ≥ 1} is a closed 1-formμ on M with
Clearly ∃ m * ∈ M and some constants C η,µ , C η,µ,ψ , independent of T 0 , T 1 , such that
Thus its limit infimum is bounded
Let {T i 0 } i∈Z + and {T i 1 } i∈Z + be the sequence of positive integers such that T i j → ∞ (j = 0, 1) as i → ∞ and the following limit exists
It is not difficult to see that for any compact interval [a, b] there is some I ∈ Z + such that the set
Proof: To show that let us suppose the contrary, for instance, (2.15b) does not hold.
By taking a further subsequence we can assume γ i k → γ. In this case, we can choose sufficiently large k such that γ i k (s) and γ i k (τ ) are so close to γ(s) and γ(τ ) respectively that we can construct a curve
then we obtain from (2.4) and (2.5) that
1 , guaranteed by (2.3). (2.1a) and (2.1c) can be proved in the same way.
With this lemma it is natural to definẽ
Although the elements in this set are not necessarily the orbits of the Lagrangian flow determined by L, the α-limit set of each element in this set is contained inÑ (c), the ω-limit set is contained inÑ (c ). Due to this reason, we call it pseudo connecting orbit set. ObviouslyC η,0,0 =Ñ (c). For convenience we may drop the subscript ψ in the symbol when it is equal to zero, i.e.C η,µ :=C η,µ,0 .
∈C η,µ,ψ there would be two point γ(s),γ(τ ) ∈ M such that one of the following three possible cases takes place. Either γ(s) and γ(τ ) ∈ M can be connected by another curve γ * :
in the case τ < 0; or there would a curve γ *
in the case s ≥ 1, or when s ≤ 0 and τ ≥ 1 there would be a curve γ *
where s + n 1 ≤ 0, τ + n 2 ≥ 1. Since γ is an accumulation point of γ i , for any small > 0, there would be sufficiently large i such that γ
Let us consider the case that µ = 0 and ψ = 0. In this case, L − η is periodic in t.
Since L − η is periodic in t, we would have
but this contradicts to (2.1c).
The upper semi-continuity of the map (η, µ, ψ) →C η,µ,ψ will be fully exploited to construct connecting orbits between two different Mañé sets if they are closed to each other.
3, Structure of someÑ (c) andC η,µ,ψ
It is natural to study the topological structure of the relevant Mañé sets if we want to construct the connecting orbits between them.
Let L be the Lagrangian obtained from H in (1.1) by the Legendre transformation, it has the form as follows:
The perturbation term of the Lagrangian L 1 and the perturbation term of the Hamiltonian P is related by an operator ∆L * induced by the Legendre transformation
, centered at the origin with radius of . Obviously, when ≤ 1, there exists > 0 such that
. To obtain the result of this paper we choose k = 1, but the demonstration in the following 3, 4 and 5 sections applies for arbitrary k.
Lemma 3.1. Given some large number K > 0 and a small number δ > 0. There exists a small number
The interior of D(c q ) is in the sense that we think D(c q ) as a set in R n . We denote the rotation vector of µ by ρ(µ) = (ρ q (µ), ρ x (µ)).
Proof: Let γ: R → T k+n be a c-minimal curve of the Lagrangian L. As the first step, we claim the following: for suitably small δ > 0, there exist > 0, C x > 0 and λ ∈ (0, 1] such that if c x ≤ C x and P ∈ B ,2K , and if
Let us suppose the contrary. It means that for any large number T > 0, there are t 1 , t 2 ∈ R such that t 2 ≥ t 1 +T and
To show the absurdity, let us consider the Lagrangian 2 first.
To each absolutely continuous curve
Here, we have made use of the super-linear growth inẋ and the the hypothesis (H2).
for 1 ≤ i ≤ n, and there exists E 3 > 0 such that
Choose any two points m 1 and m 2 on the boundary of { x ≤ λδ} and let ξ 0x :
Clearly, the action of 2 along these two curves and along
There also exists Θ > 0 such that
and compare the action of L along the curve γ with the action along ξ,
and let t 1 − t 0 be sufficiently large. This contradiction verifies our claim. Therefore, each c-minimal orbit dγ must enter the region { x ≤ λδ} for infinitely many times if (3.4) is satisfied.
Now we assume
In this case we obtain from (3.2), (3.3) and (3.4) that
but this contradicts again the fact that γ is c-semi static. This proves the first part of the lemma.
To continue the proof, we define
Obviously, it is an n-dimensional convex disk and contains {c q = constant, c x ≤ C x }. In fact, if µ is a c-minimal measure for some c ∈ int(D(c q )) then it is also a (c q , 0)-minimal measure. To see it, let us note a fact:
Proof: By the definition of the α-function we find that
In the same way, we have −α(c * ) ≥ −α(c ).
It follows from this proposition that α(c)
On the other hand, from the definition of D(c q ) and from the proposition 3.2 we obtain that α(c ) = α(c * ). The contradiction implies that ρ x (µ) = 0 for each cminimal measure when c ∈ int(D(c q )). Consequently, for each c-minimal measure µ
This proves the second part of the lemma.
Finally, let us consider the case that the c-minimal measure µ c is always uniquely ergodic for each c ∈ int(D(c q )). It is easy to see that
If (3.5) does not hold, by choosing a subsequence again (we use the same symbol) there would be some 1 ≤ i ≤ n such that
In this case, let us consider the barrier function B * c where all other components of c ∈ R k+n are the same as those of c except for the component for
as we can choose c x i > c x i or c x i < c x i accordingly. But this is absurd since barrier function is non-negative.
Let us derive from (3.5) that there is no c-semi-static orbit that is not contained in { x ≤ δ}. In fact, we find that dγ ∈Ñ ((c q , 0)). To see that, we obtain from (3.5) that the term c x ,γ x has no contribution to the action along the curve γ| [ 
and
The second condition (3.8) follows from the facts thatÑ ((c q , 0)) ⊂Σ and
Let j − j be sufficiently large, we construct a curve ζ :
It follows from (3.5∼8) that
but this contradicts to the property that dγ ∈Ñ (c).
Remark: The first part of the lemma can be proved by using the upper-semi continuity of Mañé set on Lagrangian functions. But the dependence on is not so clear as here (cf (3.4)) if we prove it in that way.
From the proof of the first part of the lemma 3.1 we can see
The structure of Mañé set and pseudo connecting orbit set depends on what configuration manifold we choose for our consideration. In the following, when necessary, we useÑ (c, M ),C η,µ,ψ (M ) to specify the manifold on which these sets are defined. We shall omit M in that symbol when it is clearly defined. We do not intend to consider the general case. Instead, let us consider some special case which is sufficient for the purpose of this paper. According to the lemma 3.1, for a cohomology class c = (c q , 0), the Mañé setÑ (c) is contained in N δ = { x ≤ δ}, a δ-neighborhood of the lower dimensional torus. To each curve γ:
Here, a can be a finite number or −∞, b can be a finite number or ∞. From the proof in [Be1] we can see that there exists a homoclinic orbit dγ such that the first component of its relative homology is not zero: [γ] 1 = 0. The term "homoclinic" here means that both the α-limit set and the ω-limit set of the orbit are contained in the Mañé set:
Here π 1 :M → M denotes the standard projection.
Proof: If we thinkM as the configuration manifold, N δ has two lifts denoted by N δ and N * δ . In this case, the minimal measure has at least two ergodic components, the support of one component is in 
we obtain the result immediately.
Mañé announced in [Me] that all c-static classes should be transitive, there should be c-semi static orbits connecting different static classes, it has been partially proved in [CP] .
We can also define the Mañé setÑ (c,M ) from another point of view.
Clearly, we have Lemma 3.5. Assume L has the form of (3.1), c = (c q , 0), then
Let us studyC η,µ,ψ (M ): 
Letγ i be the lift of γ i in the covering spaceM , it is aM -minimal curve. Clearly, the set of accumulation points of the set {γ i } contains a curve γ:
On the other hand, if |ψ| is suitably small and m 0 , m 1 ∈ N δ , the hyperbolic structure of 2 guarantees that
In other words, theseM -minimal curves {γ i } are not M -minimal curve. Consequently, γ is not a M -minimal curve. This completes the proof.
4, Existence of local connecting orbits
To begin with, let us consider the construction of diffusion orbits in Arnold's example from the variational point of view. There, each Mañé set under consideration properly contains the corresponding Mather set if we study the problem in a covering manifoldM = T × 2T. Under the small perturbation the stable manifold of each invariant circle transversally intersects the unstable manifold of the same invariant circle. It implies that the set π 1 N 0 (c,M )\(M 0 (c, M ) + δ) is non-empty but topologically trivial for each c under consideration. The main goal of this section is to show that if a system has such a property for some c, then for all c sufficiently close to c, N c can be connected withÑ c by some local minimal orbits. 
where ψ is a non-negative function We do not intend to discuss local minimal curves in the most general case, the above definition is introduced for the special purpose of this paper.
Obviously, (4.1) is equivalent to that 
Clearly, we can find a small δ 1 > 0 and define a non-negative function
By the upper semi-continuity of the set function (η, µ, ψ) → C η,µ,ψ (M ) we see that C η,0,ψ (M )| 0≤t≤t 0 ∩ ∂O = ∅ if λ > 0 is suitably small. By the choice of ψ, we havẽ C η,0,ψ (M ) =Ñ (c, M ). Consequently, we obtain from the lemma 3.6 that
Since O is homotopically trivial, there exists a closed 1-formμ such that
By using the upper semi-continuity and the lemma 3.6 again we find that 
5, Construction of global connecting orbits
The goal of this section is to construct some orbits which connectÑ (c) withÑ (c ) if c and c are connected by a generalized transition chain in H 
In this paper, we do not intend to establish a theorem of the existence of connecting orbits between two cohomology classes in the most general case when they are joined by a generalized transition chain. Instead, we restrict ourselves to the special case:
, the Lagrangian L be given by (3.1). We assume that two first cohomology classes c = (c q , 0) and c = (c q , 0) are joined by a generalized transition chain Γ:
not topologically trivial. Then there exists an orbit of the Euler-Lagrange equation (1.3) dγ: R → T M that has the property: α(dγ) ⊂Ñ (c) and ω(dγ) ⊂Ñ (c ).
Remark: We feel that the uniquely ergodic condition here is not necessary, but this condition is automatically satisfied if k = 1 as we shall see later. 2, there is a non-negative function ψ i (q, x, t) ≤ λ i , a small number, such that ψ i = 0 when t ≤ 0 or when t ≥ t 0 . For each fixed t, ψ = constant when it is restricted in an open, connected and homotopically trivial set O i which has the properties:
3, there exist a closed 1-forms η i with [η i ] = c i and a 1-form µ i depending on t in the way that the restriction of µ i on {t ≤ 0} is 0, the restriction on
where ξ ∈ M 0 (c i ), ζ ∈ M 0 (c i+1 ). Note (5.1) is independent of the choice of ξ and ζ since ergodicity of M (c i ) is assumed for each i. 
For each integer
From the Lipschitze property of h Before we go back to consider those i with 0 ≤ i < i 1 or i 2 ≤ i < i 3 , let us observe some facts. We can define the set of forward and backward semi-static curves: 
Thus, we obtain that
where the last inequality follows from the facts thatγ + (0) = v and the minimizer must be a C 1 -curve. But this is absurd. 
Proposition 5.4. Assume M(c) is uniquely ergodic, then for all ζ ∈ M(c) and all
We claim that T 1 → ∞ and T − T 1 → ∞ as → 0. Indeed, if T 1 is bounded by some finite number, then there would be a point u ∈ M 0 (c) and
) is a forward c-semi-static orbit as t → ∞ with (u, v) / ∈Ã(c). But this contradicts to the proposition 5.3. Clearly, there exist ζ ∈ M(c) and a subsequence
This completes the proof. 
(5.7)
We define τ i inductively for 0 ≤ i ≤ i 3 . We let τ 0 = 0, for 0 < i < i 1 and for i 2 < i < i 3 we choose τ i such that 
(5.10)
For the same reason, we cam choose large enoughT i 2 andT
and set the range for τ i 2 :
max{T
We define an index set for
Consider τ as the time translation (q,
where 
In fact, let us choose
from which and (5.2), (5.5) as well as (5.9) it follows that (5.12) holds. Consequently, γ(t; 
but this contradicts to the fact that γ is a minimal curve ofL on V and Λ. In above argument, (5.6) and (5.7) are used to obtain the first and the third inequality, (5.1) is used to obtain the second inequality.
6, Hölder continuity
The task in this section is to build up some Hölder continuous dependence of h ∞ c on some parameters if we set k = 1. These properties will be used to show that there is a generic set for perturbation where the conditions for the theorem are satisfied. . Let Φ H and Φ h 1 +h 2 be their time-1-maps. As the cylinder T × R × {(x, y) = (0, 0)} = Σ 0 is the normally hyperbolic invariant manifold for Φ h 1 +h 2 and the a priori unstable condition is assumed, it follows from the fundamental theorem of normally hyperbolic invariant manifold (cf. [HPS] ) that there is = (A, B) 
, provided that r ≥ 2. This manifold is a small deformation of the manifold Σ 0 | {|p|≤max(|A|,|B|)+1} , and is also normally hyperbolic and time-1-periodic. Let Σ = Σ(0), it can be considered as the image of a map ψ:
Since the second de Rham co-homology group of Σ 0 is trivial, by using Moser's argument on the isotopy of symplectic forms [Mo] , we find that there exists a diffeo-
Since Σ is invariant for Φ H and Φ * H ω = ω, we have
preserves the standard area. Clearly, it is exact and twist since it is a small perturbation of Φ h 1 . In this sense, we say that the restriction of Φ H on Σ is obviously area-preserving and twist. If r > 4 there are many invariant homotopically non-trivial curves, including many KAM curves. All these curves are Lipschitz. Given ρ ∈ R there is an Aubry-Mather set with rotation number ρ, which is either an invariant circle, or a Denjoy set if ρ ∈ R\Q, or periodic orbits if ρ ∈ Q. Under the generic condition we can assume there is no homotopically non-trivial invariant curves with rational rotation number for Φ H | Σ , there is only one minimal periodic orbit on Σ for each rational rotation number. -depends on the base point and make up the local stable (unstable) manifold of that circle which are the graph of a Lipschitz function in a small neighborhood of the circle, i.e.
where (p, y)(q, x) is a Lipschitz function of (q, x).
We use C k,α to denote those functions whose k-th derivative is of α-Hölder.
Proof: Let us consider the stable manifold. By the condition there is a Lipschitz function (p, y) :
Since σ is in the stable manifold, Φ k H (∂σ) approaches uniformly to Γ, i.e. Φ k H (∂σ) is such a closed curve going from a point to another point and returning back along almost the same path when k is sufficiently large. As Φ H is a symplectic diffeomorphism we have
Note the function (p, y)
is Lipschitz, it is differentiable almost everywhere in N δ . As σ is arbitrarily chosen, for almost (q, x) ∈ N δ the following holds: Indeed, for almost all initial points (q, x, (p, y)
Let us consider the Hamiltonian flow. The local stable (unstable) manifold is a graph of some functioñ
Obviously, we have ((p, y) 
That implies that (6.2) holds for each m ∈ N δ and each ξ ∈ M 0 (c). To see that (6.2) holds for each ξ ∈ π(Γ), let us recall that, for a twist map, the sufficient and necessary condition for the existence of an invariant circle is that the Peierl's barrier function is identically equal to zero. Consequently, passing each ζ ∈ π(Γ) there is a regular c-minimal
Since we have assumed the unique ergodicity of the minimal measure, d c (ζ, ξ) = 0 for each ζ ∈ π(Γ) and each ξ ∈ M 0 (c). Thus, (6.2) holds for any ξ ∈ π(Γ).
We now consider the local stable and unstable manifolds of all invariant circles. Different invariant circle determines different stable and unstable manifolds, i.e. we have a family of these local stable and unstable manifolds. We claim that this family of local stable (unstable) manifolds can be parameterized by some parameter σ so that both S 
This integration is in the sense that we pull it back to the standard cylinder by Ψ • Ψ 1 ∈ diff(Σ 0 , Σ). In this way we obtain an one-parameter family curves Γ: 
Straight-forward calculation shows
where C h is the Lipschitz constant for the twist map, it follows that
Clearly, there exists a uniform upper bound K ∈ Z such that for each c = (c q , 0), each m ∈ M \N δ and each ξ ∈ M(c) we have k
Consider another invariant circle Γ σ close to Γ σ . By the 
To see that, we write the Lagrange equation into the form of first order ODE:
Since the convexity of L is assumed this equation is well-posed. If we write (6.4) in the formż = F (z, t) its variational equation along an orbit dγ σ as follows
ij denote the (i, j)-entry of E and its inverse respectively. Since f is the higher order term of ∆z, there exists a small constant d 1 > 0 such that
Since ∆z is the solution of the integral equation:
is a forward c -semi static orbit and (6.3) holds. Since the stable manifold may multi-fold, there might be no
Remark: We do not know whether the function σ → c q (σ) has some Hölder continuity in σ.
7, Generic property
In this section we also assume that k = 1. The task in this section is to show that there is a residual set in B ,K such that if P is in this set then there is a generalized transition chain {c ∈ H
Let us consider this issue from the Hamiltonian dynamics point of view. Since the system is positive definite in action variable v = (p, y), it has a generating function
Let π 2 be the standard projection from R 
c,e 1 (ξ, m, ζ) − A. Proof: The open property is obvious. If there was no density property, for any k ∈ Z, there would be a k-dimensional -ball B ⊂ N for some > 0, for each F ∈ B , there would exist S ∈ F σ such that F + S ∈ Z i . For each S ∈ F σ there is only one F ∈ B such that S + F ∈ Z i , otherwise, there would be F = F such that S + F ∈ Z i . Since we can write F + S = F − F + F + S where S + F ∈ Z i and F − F ∈ N\{0}, this contradicts to the definition of N. Given F ∈ B , there might be more than one element in S F = {S ∈ F σ : S + F ∈ Z i }. Given any two F 1 , F 2 ∈ B , for any Note we can write G 1 = k G 1k so that each G 1k has simply connected support.
